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ABSTRACT 

In t h i s  p a p e r  we p rove  t h a t  w h e n  t h e  Ricc i  c u r v a t u r e  of a R i e m a n n i a n  

m a n i f o l d  M n is a l m o s t  n o n n e g a t i v e ,  a n d  a ba l l  BL (p) C M n is close in 

G r o m o v  Hausdo r f f  d i s t a n c e  to  a E u c l i d e a n  bal l ,  t h e n  t h e  g r a d i e n t  of t h e  

h a r m o n i c  f u n c t i o n  b de f ined  in [ChCo l ]  does  no t  van ish .  In  p a r t i c u l a r ,  

t h e s e  f u n c t i o n s  c a n  serve  as h a r m o n i c  c o o r d i n a t e s  on  ba l l s  suf f ic ien t ly  

close to  an  E u c l i d e a n  ball .  T h e  p r o o f  is b a s e d  on  a m o n o t o n i c i t y  t h e o r e m  

t h a t  gene ra l i z e s  m o n o t o n i c i t y  of  t he  f r e q u e n c y  for h a r m o n i c  f u n c t i o n s  on  
a n . 

Introduction 
Assume M ~ is an n-dimensional Riemannian manifold; its Ricci curvature 
satisfies 

(0.1) RicM~ > - ( n  -- 1)H. 

Recall a construction of Cheeger-Colding: suppose ~,: [0, L] --+ M '~ is a minimal 
2 geodesic; define b(x) by b(x) = d(x,'y(O)). Assume �89 < t < 5L. Pick p such 

that d(p,'y(t)) < ~L, and let b: B4(p) --+ R be the harmonic function with the 

same boundary value on OBn(p) as b. It was proved in [ChCol] that 

(0.2) Ib - b I < ~(~, L -1, HIn), 

(0.3) r  IVb - Vbl 2 < ~(~, L -1, Hln ), 
JB 2(P) 

(0.4) ~ '  I HeSSb ] 2 < k~(~, L -1, H]n). 
JB 2(P) 
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Here as in [ChCol], ~(5, L - I ,  Hln ) is some nonnegative function of 6, L -1, H, n 

that goes to 0 when 6, L - 1 , H - +  O. Also, for any open set W write 

(0.5) i w  u -- 1 vo,Vw) 
Write dGH for the Gromov-Hausdorff distance ([Gr]). The main result of this 

paper is 

THEOREM 0.6: I f  L -1,  H,  6 are sufficiently small, and the Gromov Hausdorff 

distance dGH(BL(p), BL(O)) is sufficiently small (BL(O) C Rn), then Vb r 0 on 

B,(;). 

However, one cannot expect a uniform lower bound for ]Vb]. 

Denote by A(q, rl, r~) the annulus {xlrl <_ d(x,q) <_ r2}. For a function u, 

write Uq,r for the average of u on Br(q). The proof of Theorem 0.6 uses a "three 

annulus" argument (see [Si], [ChT]); in our case, it is a generalization of the 

monotonicity of frequency for harmonic functions on R n (see [A1], [CoMil]) to 

manifolds sufficiently close to R~: 

THEOREM 0.7: For e small enough (as in Corollary 1.10), there exist 6, 

H > 0 depending only on e such that if a manifold (M,p)  satisfies (0.1), 

daH(B2(p),B2(O)) < 6 (B2(O) C R~),  then for any harmonic function u over 

B2(p), and any q C BI(p) and r > 0 such that Br(q) C B3/2(p), the inequality, 

JA[(q,r/2,r) lu - -  uq'r 12 ~ (21+<)2 JAi(q,rl4,r/2) lu -- Uq'"l~12 (0.8) 

implies 

(0.9) 
[ .  

a(qxlSxl4) 

Theorem 0.7 says that for a harmonic function, sublinear growth on one scale 

implies sublinear growth on any smaller scale. 

Recall that the result in (section 6 of ) [ChCol] implies that  if M ~ is sufficiently 

close to R n, then locally, b is uniformly close to a linear function on R ~. In 

particular, at some scale (0.8) holds for b. So (0.8) holds for b on an arbitrarily 

small scale. This is not possible if Vb = 0. 

We prove Theorem 0.7 and Theorem 0.6 in Section 2. We argue by contradic- 

tion, using a blow up procedure. Assume to the contrary, that (after rescaling) 

there exists a sequence of manifolds converging to R ~, and a sequence of har- 

monic functions, {u~}, satisfying (0.8), but not (0.9). Here ui is defined on M•. 
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It  is easy to find a subsequence that  converges to some function u ~  on R n (see 

Definition 1.13). Note the claim that  (0.8) is true and (0.9) is not true holds also 

for u ~ .  

It  is enough to prove that  the function u~ :  R n --+ R is also harmonic. Then 

we get a contradiction to a monotonicity theorem for harmonic functions o n  a n ;  

see Corollary 1.10. 

By Dirichlet's principle, a harmonic function on BR is the unique minimizer 

of the functional fBR IVul 2 within the class of functions having the same bound- 

ary value on OBR. We prove that  u ~  is energy minimizing by comparing 

f B R ( ~ )  IVu~I 2 with fBR(~,)IVu~l 2' which is minimal within the class of func- 

tions having the same boundary value on OBR(xi)  C M ~, xi --+ xo~. 

If we assume BI(p) C M n is e-close to the Euclidean ball, then as in [ChCol], 

[ChCo2], [Co], we have n harmonic functions b l  52, ..., bn. By a straightforward 

ODE argument, Theorem 0.6 implies: 

COROLLARY 0.10: Assume M n satisfies (0.1), BI(p)  C M n is e-close to the 

Euclidean ball. I f  e is small enough, then there is a r H)  > 0 such that  there is 

an open subset U with Be(p)  c U, on which bi is a harmonic coordinate system. 

In particular, U is diffeomorphic to a Euclidean ball. 

This can be viewed as an analogue of the Reifenberg type theorem of Cheeger- 

Colding; see the appendix of [ChCo2]. 

ACKNOWLEDGEMENT: The author is grateful to his thesis advisor Professor 

Jeff Cheeger, who suggested the problem and the idea of transplanting harmonic 

functions between metric measure spaces. He also thanks Prof. Fanghua Lin for 

helpful discussions. 

1. Some analysis 

Assume u is harmonic on B2(0) C R n. It  is well known that  u is analytic and 

each homogeneous part  of u is also harmonic. So we can write 

OO 

(1.1) u(x) = a ris . 
i=0 

Here r = Ix], {si) is an orthonormal basis of eigenfunctions of the intrinsic 

Laplacian on OB1 (0), --AOBl(o)s~ = i(n + i --2)s~. Put  

1 fo U2" (1.2) I ( , ' ) -  Vol(0Br(0)) B~(0) 
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Then 
o o  

(1.3) I(r) E 2 zi -= a i r . 
i=0 

The so-called "monotonicity of the frequency" 

Isr. J. Math, 

theorem on R n implies that 
I(r)/I(r/2) is a nondecreasing function of r; see [A1], [CoMil]. Here we need the 
following variant: 

For e > 0 sufficiently small, if u is harmonic, then 

I(r) < (2i+~)2I(r/2) 

LEMMA 1.4:  

(1.5) 

implies 

(1.6) 

Proof: 

I(r/2) < (21+c/3)2I(r/4). 

By (1.3), (1.5) is equivalent to 

(1.7) E 2 2/( 1 22~" -a~(22+2~ 4~:i-_1 ) < 1)+a21r2(2 2~ 1). a i r  - -  - -  - -  
i=2 

On the other hand, (1.6) is equivalent to 

(1.8) ~a2r2i1(l-22~/3~4~Z7_l ] < ao2(2 ~+2e/3 - 1)+a2r2~(2 ~r - 1). 
i=2 

Thus, it suffices to show, for i > 2, 

1 ( 1 -  4-7=y_1 )/22e/3" (1 - 4--i~_1) < m i n 2 2 e "  \( 22+2e/3 - 1 2 ~ -  Z 1~ 4(~/_-  1) 22~/3 - 1 ). 0.9) ~ 

The left side is less than 1/16, and when r -+ 0, the limit of the right hand side 

is 1/12. So (1.5) implies (1.6) for e small. | 

Assume u is harmonic. If 

/ A ( O , r / 2 , r )  u 2  < - - ( 2 : + ~ )  2/A(O,r/4,r/2) u2, 

COROLLARY I.i0: 

(1.11) 

then 

(1.12) /A(O,r/4,r/2) U2 < (21+e/3)2 /A(O,r/S,r/4)U 2. 

Next, suppose (M~ '~, Vol~) dc~ (M~, tt~) in the measured Gromov-Hausdorff 
sense, i.e., the sequence {M~'} converges in the Gromov-Hausdorff sense to M~, 
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and for any xi --+ x ~  (xi e Mi) and R > 0, Voli(BR(xi))  --+ #oo(Bn(x~)) .  

For any sequences of manifolds with Ricci curvature bounded from below, after 

possible renormalization of the measures, one can find a subsequence that con- 

verges in the measured Gromov Hausdorff sense; see [ChCo2]. When Moo is an 

n-manifold, Mff ~-~ Moo in the Gromov-Hausdorff sense implies Mff day M ~  

in the measm'ed Gromov-Hausdorff sense; see [Co]. We refer to [Ch], [ChCo2], 

[GLP] for general background. 

Definition 1.13: Suppose Ki C M/~ ~ Koo C M s ,  and {f~} is a sequence of 

equicontinuous functions; fi: Ki --+ R, i = 1, 2 , . . . ,  oc. Assume qh: Koo --+ Ki 

are ~i-Gromov-Hausdorff approximations, ei --+ 0. If fi  o Oi converge to f ~  

uniformly, we say that  fi --+ f ~  u n i f o r m l y  over Ki dG~ Koo. 

For simplicity, in the above context we also say f~ ~ foo uniformly on K.  

When we write fi(x) -+ foo(x), we actually mean that fi  --+ fo~ uniformly and 

there is a sequence xi E Mff , xi --+ x ~  E M ~  such that f i (xi)  -+ f ~ ( x ~ ) .  

We point out the Arzela Ascoli theorem can be generalized to the case in 

which the functions live on different spaces, namely, when Mi ~-~ Moo, for any 

bounded, equicontinuous sequence {fi} (here fi is a function on Mi),  there is a 

subsequence that converges uniformly to some continuous function foo on Moo. 

The proof is straightforward. 

Definition 1.14: We say fi  --+ foo in the L 2 sense if, for all ( > 0, there is a 

decomposition fi = r + ~li, where r -~ r uniformly and lim sup I *lil n 2 --~ (~, 

I,lool _< 

The following is an extension of the Rellich Kondrakov theorem: 

LEMMA 1.15: Assume RicM~ _> --(n -- I )H,  Bl(pi)  C Mff ~ Bl(poo) C Moo 

in the measured Gromov-Hausdorff sense; fi is a function on Mff (i = 1, 2, ...). 

Assume 

(1.16) f f2 _< N1, 
JB (P~) 

(1.17) f ]Vfil 2 _< N2. 
JB 

Then there is a subsequence that converges in L 2 over any given converging 

sequence of compact subsets ki dc~ Ko~. 

Proof." The argument is similar to those in [CoMi2] and [Ch]. 

Fix a scale r > 0. 
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For each i = 1, 2 , . . . ,  e~, we partition Bl(pi) into M disjoint subsets Sl,i, 

S2, i , . . . ,  SM,i such that B~(xj,i) C Sj,i C B2~(xj,i), Sj,i dc~ Sj,~, j = 1 , . . . ,  M.  
Assume (f/)xj.,,2~ is the average of fi  on B2r(xj,i). First, by (1.16) and relative 

volume comparison, 

(1.18) ((fi)xj,i,2r)2 ~ [ f2 ~ Clr-nN1. 
JB 

Since RiCM~ > --(n -- 1)H there is a type (2, 2) Poincare inequality. So we have 

f s  'f~ - (fi)x~'i'2r]2 ~-- fB ]fi-(f~)x~.~,2r] 2 

(1.19) ~'~ 2~(~,,) 

So by (1.17), fi can be uniformly approximated in L 2 by functions that  are 

constant on each set Sj#. In view of the estimates (1.18), (1.19), the lemma 

follows from a standard diagonal argument. | 

Assume fi is a Lipschitz function on M~, (i = 1, 2 , . . . ,  cx~). Define 

B IVf~l = (i-- 1,2,...,oc). (1.20) E(fi)  = ,(;,) 

Here we only need the case that the limit space is the Euclidean space; see [Di], 

compare [Ch], [ChCo4]. 

LEMMA 1.21 (Lower semicontinuity of energy): Suppose fi are C 2 functions 
over M~, Afi = O, fi -+ foo uniformly over the sequence of converging balls 

B2R(Pi) C M~ ~-~ B2R(P~) C R ~, and there is a uniform gradient estimate for 

fi: 

(1.22) IV fi] < G. 

Then we have 

(1.23) E ( f ~ )  <_ l iminfE(f i ) .  
$ - ' + 0 0  

Proof: As in Section 6 of [ChCol], we can get an integral bound for the Hessian 

of fi on the ball Bl(pi): recall the Bochner formula 

(1.24) ~zx(ivf, I 2) _-IHesss, 12§ < V/x$,, VI, > + Ric(Vfi, Vfi). 
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Multiply by a cut-off function r with suppr C Br C Bl(qi), r = 1, ]Vr < 

c(n, r), IAr <_ c(n, r); see Theorem 6.33 of [ChCol]. Since f~ is harmonic, 

(1.25) l r  = r 12 -~- r Ric(Vf~, Vfi). 

Integrate by parts, 

(1.26) /B ~(,Vfi,2)Ar /B r + IB CRic(Vfi, Vfi ). 

By the assumption on Ricci curvature, and note that by construction IAr is 

uniformly bounded, we have a uniform upper bound for fB~ r HessI~ 12. 

So by Lemma 1.15 we can assume that some subsequence of IVfi] converges 

to a function F on BR(p~} C M~ in L 2. Assume x ~  E R ~, and there is some 

subset A(x~) c R ~ such that F is continuous on A(x~), x~ E A(x~) is a 

density point of A(x~). By Luzin's theorem, these properties hold for ahnost all 
x~ .  For such x~, we prove 

(1.27) IVf~(x~)l <_ r(x~).  

Clearly, (1.27) implies our lemma. 

To prove (1.27), it is enough to prove, for all r > 0, i f / =  d(x~, y) is sufficiently 
small, then 

(1.28) IS~(x~) - f~(y)l <- d ( y , x ~ ) ( r ( x ~ )  + 60). 

By the gradient estimate of fi (so of ]~) ,  if (1.28) is not true for some Y0, then 

for all y E BZr 

(1.29) I I ~ ( x ~ )  - f~ (y ) l  > d ( y , x ~ ) ( r ( x ~ )  + 5r 

Pick xi, Yo# E M~, xi -+ x~, Yo,i -+ Y0, d(xi, Yo,i) = I. Then for i big enough, 
for all Yi E Bl~p/L(Yo#) and all minimal geodesic ~i connecting xi and Yi, 

(1.30) f IVf~l > d(x~,y,)(r(x~) + 4r 
47 i 

Since IvfiI is uniformly bounded by L, a simple computation shows that  along 

every 7~ we must have 

(1.31) IVfil > F(x~)  + 2r 
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on a subset of ~/i which has length at least 2r  - P(x~)) .  Put  

(1.32) Ti = {v c Tx~ Iv = "),'(0) for some minimal geodesic 7 

from xi to y~ C Blr 

we m u s t  h a v e  u n - l ( T i )  > C(n, L, r  w h e r e  U n-1 is t h e  su r f ace  

area over OBI(O) in the tangent space T~. Combine this with (1.31), if l is small 

enough, by the proof of the Bishop-Gromov inequality, for sufficiently big i, 

(1.33) Vol({zi e Bl(xi)l[Vfi(zi)[ > F(xoo) + 2r _> C(xoo ,n ,L , r  > O. 
Vol(Bl(xi)) 

Now IVfil converge to F in L 2, so (1.33) is also true for i = oo. We get a 

contradiction to the choice of x~o. | 

We also recall one form of the transplantation theorem of Cheeger (see Lemma 

10.7 of [Ch]): 

LEMMA 1.34: Assume Mi ~q~ R~; f ~  is a Lipschitz function on BR(Xc~) C R n, 

xi --+ x ~ .  Then there is a sequence of Lipschitz functions {f i}  that converges 

uniformly to f ~ ;  here fi is defined on Bn(x i )  c Mi. Moreover, one can require 

that 

(1.35) 

(1.36) 

lim sup Lipf i  < L i p i d ,  
i-+oo 

l imsup]Vf i l  52 _< I Vf~152 �9 
i--~cx) 

We use subscript i and write fi,  Pi, etc. to denote function, point, etc. on M n. 

2. P r o o f  o f  T h e o r e m  0.7 

Assume Theorem 0.7 is not true. Then there is a sequence of manifolds 

(M~,pi,  qi) together with a sequence of harmonic functions u* and 

Br,(qi) C B3/2(Pi) C B2(pi) C M~ 

such that (0.8) holds while (0.9) is not true, B2(pi) dag B2(0) C R '~, also the 

lower bound in Ricci curvature goes to 0 as i -+ co. 

We rescale the ball Br~ (qi) to a ball of radius 1; for simplicity, from now on 

we just denote it by Bl(qi) (we can assume ri < 1, so the lower bounds in Ricci 

curvature are improved). We have B2(qi) ~-~ B2(0) C a n in the measured 

Gromov-Hausdorff sense; see Theorems 0.1 and 0.8 in Colding's paper [Co]. So 

- ( u i ) q , , l [  _< lu; - f (2.1) , 2 (21+ )2 - �9 , 
(qi,�89 JA(q~,�88189 
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while by our assumption 

(2.2) A * -- / A  (U ~ ] 112 lu~ ' - (Ui)q, , l l  ~ > (2~+42) 2 lu~ - ,  , , q , , ~ ,  . 
( q i , l , 1 )  1 1 2 (q~,~,~) 

Define 
u ;  - (u~')q,,1 

y~i : I (U.  __ (U. )q i  l )l L2(Bl(qi))" 

So ui still satisfies (2.1), (2.2). Moreover, 

(2.4) JB ui=O, /B [ui[2 = 1" 
l(qi) l(qi) 
2 

The following results are s tandard:  

LEMMA 2.5: Assume M n is a smooth manifold, RiCM > --(n -- 1)H. I f  u is 

harmonic over BR+d(p), then 

sup I~1 ~ C(n,H,d/R)l  ul i2(BR+d(p))" 
BR(p) 

The proof  of Lemnm 2.5 can be found in [Li] (one can also use Moser iteration). 

We can now apply the Cheng Yau gradient estimate. For r < R, on Br(p) we 

have 

(2.7) IVul ~ G(rlR, d/R, H, n)l u I L2(BR+e(p)). 

So for any 0 > 0, ui are uniformly bounded over Bl-o(qi) C M n, equi- 

continuous over B1-2o (qi) C M~. Thus, wi thout  loss of generality, we can assume 

that  the sequence {ui} converges uniformly on compact  sets to a locally Lipschitz 

function uor on the open ball B1 (0) C R " .  

LEMMA 2.8:  Uoc is harmonic .  

Proof: Assume, on the contrary, tha t  u ~  is not harmonic over a ball 

B ~ ( p )  c c  B l (0 ) .  

By solving the Dirichlet problem on Ba(p*) we can find v ~  with the same 

boundary  value as u ~  over OB~, but  with smaller energy, say 

(2.9) fBa(p.) ]VVoo]2 < fBa(p.) ,VUoo,2 -- 2k~. 
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By obvious density properties, we can change voo slightly so that v~  agrees with 

u ~  on a neighborhood of OB~(p*). By Lemma 1.21, for i big enough, 

(2.10) fBx(p*) IVV~I2 -</B~.(p*) iW~I2 -- ~" 

So by (the proof of) Lemma 1.34 (see Section 10 of [Ch]), for i big enough we can 

find a function vi with the same boundary value on OBi as ui but with smaller 

energy. That  contradicts the fact that ui is harmonic. | 

Proof of Theorem 0.7". Assume the theorem is not true. As in the discussion 

at the beginning of this section, after rescaling, we get a sequence of harmonic 

functions {ui} satisfying (2.1), (2.2) and (2.4) and they converge uniformly over 

compact subsets to a function uoo defined on B1 (0) C R '~. 

By (2.1), (2.2), (2.4), uoo ~ 0. By (2.4) and the L 2 convergence, the average 

value of uoo over B1 (0) is 0. By Lemma 2.8, u ~  is harmonic, so the averages 

(u~)0,1, (u~)0,�89 and (u~)0, �88 are all zero. In particular, uoo is not a constant. 

Clearly, (2.1), (2.2) are true for u~  over the open ball BI(0) C R n. This easily 

leads to a contradiction to Corollary 1.10. | 

Proof of Theorem 0.6: For any q, assume r is the biggest number such that 

A(q, r/2, r) C B3/2(p). Then as in Section 4 of [ChCol], we have 

(2.11) /A Ib - bq,rl u _< (21+~) 2 [ Ib- bq,r/2[ u, 
(q,r/2,r) J A(q,r/4,r/2) 

if H, 5 are small enough, L is big enough, dGH(BL(p), BL(O)) small enough; see 

the Introduction. Clearly, we can apply Theorem 0.7 by induction to get 

L -2 L (2.12) [b - bq,r/2kl 2 _> (2 ) Ib - bq,rl 2. 
(q,r/2 k+l ,r/2 k) (q,rl2,r) 

Assume that Vb(q) = 0. Then for all 0 </~ < 1 there is a number C > 0 such 

that 

(2.13) /A I b -  bq'v/2k[2 <- C((r /2k) l+/3)2 '  
(q,r/2k+l,r/2 k) 

for k big enough. In particular, we can pick fl > e. So for k big enough, 

Cr  2+2~ _> 22k(~ -~) [ I b - bq,~] 2. (2.14) 
JA (q,~/2,r) 

This implies b must be constant; we get a contradiction (compare (0.2)). | 
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